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Abstract—The objective of this paper is to apply the technique of asymptotic homogenization to
determine the effective elastic, piezoelectric and dielectric moduli of a laminated piezocomposite
medium with a periodic structure. Each periodic cell of the medium can possess any finite number
of piezoelectric layers. The general formulae obtained are a generalization of those that appear in
chapter 5 of Pobedria (Pobedria, B. E. (1984) Mechanics of Composite Materials. Moscow State
University Press, Moscow (in Russian)) and involve both cases of Newnham's connectivity theory
{Newnham, R. E., Skinner, D. P. and Cross, L. E. (1978) Connectivity and piezoelectric—pyroelectric
composites. Materials Research Bulletin 13, 525--336) for layered piezoelectric media. We calculate
explicitly overall effective characteristics for three examples of such layered media. For the particular
case of a binary layered medium, connected in parallel, with transversely isotropic constituents such
formulae transform exactly to the formulae for effect:ve constants obtained by Benveniste er al.
(1992) in which a different method of homogenization was used. Finally, we apply these results to
a ptezocomposite material and obtain new piezoelectric with better global properties for hydrophone
applications. ¢ 1997 Elsevier Science Ltd.

1. INTRODUCTION

In recent years, new piezoelectric composite materials have been intensively developed
to meet the requirements of electro- and hydroacoustics for more effective transducer
materials. By varying the proportions of several homogeneous constituents one can obtain
effective macroscopic materials with the desired homogenized properties; e.g., a pie-
zoelectric inactive polymer matrix—piezoelectric ceramic fibres, as in Gururaja ez al. (1985),
Chan and Unsworth (1989), Smith and Auld (1991), Smith (1993) and more recently,
piezoelectric ceramic—piezoelectric polymer composites in Taunaumang ez al. (1994).

Different techniques have been adopted to estimate the effective electroelastic proper-
ties of layered piezoelectric composites but to our knowledge no explicit solutions for all
effective coefficients using asymptotic homogenization have been published. For instance,
Grekov et al. (1987) derived the effective moduli of a binary layered medium with the
individual layers possessing the 4 mm symmetry by using the hypothesis of equivalent
homogeneity. Benveniste and Dvorak (1992) derived the effective behaviour of a layered
medium using the theory of the creation of uniform fields in heterogeneous media by proper
boundary conditions. Recently exact formulae for the layered composites and approximate
formulae for some more complex geometries are given in Galka et al. (1996).

During the last few years, various mathematically rigorous techniques have been
developed to derive the homogenized electroelastic coefficients of piezocomposite materials
with periodic structure. The variational method called I'-convergence was used to obtain
the effective moduli of a piezoelectric composite with finite periodic structure, cf. Telega
(1991). In Turbe and Maugin (1991) these results were extended to investigate the dynamical
behavior, and the method of Bloch expansions was used. The Two-Scale Asymptotic
Expansion Method developed in Bensoussan es al. (1978) and in Sanchez-Palencia (1980)
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was applied by Galka ez al. (1992) to compute macrobehavior in thermopieozelectric solids.
In the present paper these formulae are specified for the effective moduli of laminated
piezocomposite media with periodic structure.

First, in Section 2 we recall the fundamental relations of linear piezoelectric theory
and the boundary value problem associated to the displacement field u and to the electrical
potential ¢. In Section 3 we seek the solution of a statical piezoelectric problem for a
heterogeneous periodic medium in the form of a two-scale asymptotic expansion. Afier-
wards we obtain a sequence of recurrent boundary value problems with constant coefficients.
In Section 4 we obtain the so called “‘local functions” for a general piezoelectric composite.
In Section 5 the local problems are used to determine the local functions of the first order
and the effective coefficients for a laminated piezoelectric medium. We determine, in Section
6, the effective coefficients for a laminated piezocomposite for which the periodic cell is
composed of piezoelectric materials’ layers with cubic symmetry. Moreover, overall effective
characteristics are also calculated for laminated piezoelectric composites with hexagonal
symmetry. In Section 7, we consider a two phase laminated piezocomposite and we show
its importance in designing a typical underwater transducer (hydrophone).

2. BASIC EQUATIONS

Let Q < R’ be a bounded three dimensional domain with the boundary I' = 6Q. All
subscripts appearing in the text take values 1, 2 and 3. The summation convention is
consequently used throughout this paper and a comma denotes partial differentiation.

The strain tensor ¢ and the electric field vector E are expressed as:

5= 120, 4w), E=—o, 1

where u and ¢ are the displacement vector and the electric potential gradient, respectively.
The stress tensor ¢ and the electric displacement vector D are related to the strains and
electric potential gradient by the constitutive relations

Gy = Cirr— €y p s
D, = eytutesp s 2)
where C, e and ¢ are the elastic (measured in a constant electric field), piezoelectric (measured

at a constant strain or electric field) and the dielectric (measured at a constant strain)
moduli and have the following classical properties of symmetry and positivity

Cijk[ = Ck/ij = Cjik/ = Ciﬂk, Crij = Crjis &y = &
An > 0Vee E} CpdX)eien = nlel’,
In, > 0Vae R ex)aq, = n)lal’
for almost every x e Q. Here above E, is the space of symmetric matrices of third order.

In addition, the equations of equilibrium and Gauss’ law of electrostatics in the absence
of free charges can be written as

O'{-,-l,‘"*' X,‘ = 0, Di.i = 0. (3)

Substituting (1) and (2) into eqns (3), we obtain

(Cijk/uk.['F emu(p,m),/+ Xf = O:
(eim[um.l-gimq)‘m),,' = 0 (4)
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Equations (4) represent a system of equations for finding u; and ¢. For a complete solution,
it is necessary to assign certain boundary conditions, for instance

Ui|r0 =0; (P|r3 = Qo (Tijnjlrl =87; Di’ll|r3 =0 (5)

where ¢, and S° are the electric potential on I'; and the mechanical load onT',. T =T, U T,
roﬁrl = @,r = F2UF3, rzmr3 = Q.
Equations (4), subject to the boundary conditions (5), form a closed system of equations

of the static piezoelectricity problem for an heterogeneous piezoelectric solid, see Maugin
(1988).

3. HOMOGENIZATION

Let the material functions Cy,. e, &, be Y-periodic functions. As usual, Y is the
typical periodic cell, say Y = (0, Y) x (0, Y3) x (0, Y¥3). We set Cyy = Cyi(&), €y, = €,u(E)
and e, = ¢€,(&). Here & =(¢{,,¢&,, &) is the local coordinate (or fast coordinate) and
X = (X, Xy, X3) is the global (or slow) coordinate ; £ = x/a, and & = //L is a small parameter,
which represents the ratio between the characteristic length, /, of the periodic cell ¥, and
the characteristic length L of the whole domain.

The solution of the problem (4), (5) (with periodic functions) is sought in the form of
the two-scale asymptotic expansion

ulx) = w(x, &)+ ou; (X, O + ' ui(x, )+ -+,

@(x) = 0°(x, &) +ap' (X, &) +aQ (X, &)+ .

Similarly, as in the linear elasticity problem, the functions # and ¢° do not depend on €.
Due to the linearity of this problem and assuming both regularity of the inclusions shapes
and smoothness in variation of the coefficients, we have (like in Sanchez-Palencia (1980),
Bakhvalov and Panasenko (1989), Oleinik ez al. (1992)):

ol dep°

1 _ oy (0P
ui (X, é) - N[jp(é) 5Xp +q)zp(§) axp bl
oul do°
0'(x.9) = MO 5 + PO 5.

P P

This leads to seeking the asymptotic expansion of the solution in the following form

<

u= 3, N L (EVik, () + P4 (DS, 4 (X)],

q=0

0= MY, (EVar oK)+ P (OSs, (X ()

g=0
The functions N2, M?, @9 and P are local auxiliary Y-periodic functions, independent
of x and satisfying the following conditions; N\’ = §; (the Kronecker symbol), PV = 1,

MO = @O = 0. N9, M9, ®9, P? are equal to zero for g < 0.
Moreover, to make the local auxiliary functions unique we require :

N9y =0, (MP)=0, (D9)=0, (P’ =0, ¢>0, ()

where (/) stands for (1/|Y)) jy fdY. The periodic conditions are
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(V] =0. [M©]=0, [0 =0, [#]=0 ®

and

) q) -1 1 _
[[Cgiml‘/v(mnkl...kwl'l_ Emil nk .k gm + Cll;-'mkqjv‘r:lmkl .)“kq, 1 + ekq[/'M%(,,..lz' _ ,]] - O’

) . q) g—1) —-1) _
|]:€imlN$nnk] ..‘kq,l Bl'mMslkl .“/cq,m + eimqu(mnk] ...kq I gik,{ rgcl ok, 1] - 0»

{ () ) —~1 - |
ICi/MIQer]...kV,/—f' em[;P(kql_.kq,m + C:jmkq(Dizkl )]\ + ek 4 { ) }] O

4q) (q) g—1)
[[SmPi 1o ™ D, ckegd TR N Lk,

™ €imk (D%I\]” ﬂ =0,
where [u] means the difference of values of the function “u&” on opposite sides of Y.
Vi(x) = {u,(x,&)) is called the averaged displacement vector and S(x) = <{¢(x, &)) the
averaged electrical potential.

We now substitute the expansions (6) into eqns (4), (5) and collect the terms of same

order o?. After some manipulations we obtain the following boundary value problems : find
V, and S being Y-periodic such that

Z a(q)[h}lzl)mkl V nmk,_ k, /( X)—} 'ml/k Lk Sinkl..,kqj(x)] +Xl = 0,

4=0

o

Z [tl/mkl kII/}'.mk]..‘kul(x) - S(ign)kl...kqs,mkl,..kqi(x)] = 0 (9)

g=0

8

/[N ykl &, Wik, .k (X) 'f'(DEZ? P (E)S.k,.v.kq(x)nr(, =0

0

=
I

gl

1q[1"[§3& ...kq(é) Vn.klu.kq(x) + 1;)5\»‘7,)..qu(é)S,k1.A,kq(x)”r2 = ¢,

=
i
=}

Q
gt

aq[h%mkl...k Vn,mkl...k‘(x)+r$Zl)jkl...k S.mkl...k (X)]nji]_] = S?’
q q q q

ox

Z [[Umkl Vi Jumik .k (X) sll?ll(] k/Smlklwkq(x)]njh‘; = Ow (]O)

g=0

where A?, 19 F9 and s9 are constant tensorial functions (vanishing for ¢ < 0). The

expressions to determine these constants will be given in the next section.

To find the functions V, and S, we seek for the solution of (9), (10) in the asymptotic
expansions form:

Vo= Y arwitl, S= Y anyl) (1

r=0 p=0

Putting (11) in (9), (10) we obtain the following sequence of recurrent periodic boundary
value problems with constant coefficients: find w¥’, y'! being Y-periodic such that
hf/()rr)znyv;‘t],)r]n/_i_'gr?gy:fx;+Xt{p: - 0:
low =Sy i+ Y = 0, (12)

ind 0ipl il
Wip"|r0 = ! {pj’ yo

{pl
r, =",
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(0) P (0)5,ipt __ Qb
(hynmwrlz /|n+ rmlf/’.}".‘m‘)njl r, = Si .p},
(0)\,, s0 _
(trm[wm[ Sirm ]/“5,()” I[ 3 =4q (p)

p=0.12,... (13)

where

P
it
Xll t= Z [hz/mnkl -k uSnnk1 kg +'rmul\] k& Hrfk\q‘/wj] p> 0
g=1

- ) (4)
Yo = Z [tumkl k wr’r’nk:“ K i_ S'lmlt qu{ffm “ qi]’ P > O

P
u = — Z [N W/k, qli + @ &Y. ‘f q]|r[,~ p>0

g=1

P
()th - ) ,p 3 fp—g?
Q= z [MZ ik qkk‘f‘f)ﬁ-q,...k,r}’f,“.qk’q] r,, p>0
q=
04p} N (q) p—q; Aq) »
S = - Z [hijmnkl...ku]/vn‘mkl. S +'m1/l\ HmA ]n/|r|, P > O
g=1 )
0ip} 3 (g) ip—al (g) -q 0
q - Z [tl]mkl k M}nkl k _Sflkl..,l\ ,/kl 1]”']‘ N/
g=1
i 0L {
X=X, YV=0, u%=0,

Finally, with the solution of the problems (12), (13) the procedure of constructing the
formal asymptotic solution of problem (4), (5) 1s complete and we only need finding the
auxiliary local functions and the tensors of effective moduli.

4. COMPUTATION OF THE EFFECTIVE MODULI TENSORS AND OF THE LOCAL
AUXILIARY FUNCTIONS

To obtain the constants 49, 19, r'¥ and s'7 and the functions N¢* 1 M9+ @+ and
P9t we solve the following problems with periodic boundary values:

Problems P¢*'9: find N, M“ being Y-periodic such that

-2 +2) )
(Cijm/fV(nqu\lqurz,l + emijMEtzq gy l,m).j

g+1) q+—l)
+(Cijmkq+2" mnke, -k, €k, M K, Dy

2

+1)
+ C’ikq+ :m[lv(rznh v,.kq+ 1 + emlk M(n/\]

4+ 11
+ Ciqurzmkq,1N;Zr)rkl...kt/+€k‘7+‘ikq,z n?, ik, = E/((]:+2nk1...l‘q”a
(elml]v(mnkI ! Kyl T Eim EiT gt j,m)‘i
+ (etmkq . 2N(n{{rrl‘<|l.)..kq* o 81’/\’[’*,2‘ nqkT.]llqA ]:),i
+equ3ml rerl:ll)kq —Ek, ami ,3:{ ‘Zw m

) ( Y —
+ek,,‘zmk”,Mrznk,...kq—skwzkvAliwn‘fc),...kq, =7 g=—10,1,... (14)

geankik, 0
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IZ kg

(g} —
Oe) ke, ky, | = <ekq_2m’N(mnk kg T €k,

— q+1)
- <Cikq+ zmIN(mnk,...kkl‘
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it C, ok, ,N(nﬁk,...k},

1
+<emikq+2M£t[§cT“.l:q_,,m+ek Mig()l...kq>=

g1k i

)
] ]V(n?nk] ...kq>

- <8kq$31M§z{i’T.[.lqu.l+8k M}zlﬁlmkq>' q = 05 1’ 2’ teee (15)

g+ 2kg1

Problems P#*'9: find the Y-periodic functions @, P such that

(g+2)
(Cl/mlq) k

mk ..
+ (ijmk
+ Clkq+2ml(l)n1kl

+ Cik“ MKy,

q+2)

(ElnP}cl,.,kq+z,n mky...

Path
k, Ky

+ (811\
+ ek,

+ &

q+2kq+1

(q)
rkq+ 1k 2k k

(q)
Sk oky kg,

To obtain N.)),, M\, and A

(I)(q+l)

q)mkl

,’eimk
g+1)
P§<[ kg €k +qml(Dmk| K

PP,

q - ekq+ Zqu+ 1

2
it emi;‘PgI,T.k:H,m);

+ek +-,tij| ,H,]),]

il T ik, PS("*]

kg 1om

() (@)
STk ik, Pk, =k, ok

(g +2)
rmI(D kyi2s [)

(D(q‘

k.

q+l)

1)

g1l

(I)EZI)cl...kq = iq:“k,__kq‘,, g=—10,1,... ((16)

(¢+1) (q)
<Clk +,ml(I)mkl. .kq, l./+ Cl]'q+3mkq, |q)rzk| ,,.kq>

+ <emik P}c‘ﬁ)...kq>a

= {& +,1P§<1

. t €k, ik,

P& i

1o 1+ ek yamky

q+1"7

g+ [+Uk +’l‘q+l

o9
mkl

_<ek 7m/(Dmkl k> q=0,1,2,‘...

(17

1o

lmn

we start to solve the first problem P{"%, i.e., from (14),

ijmny

(15) we consider:

Problems P{"'?: find the Y-periodic functions M, M such that

(Cumn + Cl]quéirzn q + epijM(n:r?,p),/ = 0’ ( €imn + etqugnn q BlpM-(nirz.p),i = 0 (1 8)
(Lj?”r)m <Cymn + Cl/quEJlmn q + ep(jM(rrlrr)r,p E ( 1 9 1)
51?1)’1 = <€lnm + ezqu)(vmn q —é&; fwwp (192)

Analogously, @), P4 and r?), s

nij s

i.e., from (16), (17) we have:

are computed by means of the periodic problem P9 ;

Problems P} find the Y-periodic function ®", P such that
(en+ Cquq)p]nq ~'epfjpﬁlbrz)./' =0,
(& — €@, + e, Pi) = 0. (20)
rl;’(’]J) <e’”l+ePUP( +C11pq(l)[mq>
S(O) <Bm +& lpP£1 N eipq(Dplx)q (2 1)
Equations (18), (20) provide us with the system of equations for finding N, and M),

@) and P{", taking into account (7), (8). These problems are strong formulations of the



Asymptotic homogenization 533

local problems, and are solvable if the periodic solutions are smooth enough. However,
this regularity may be significantly relaxed if one uses a weak or variational formulation,
as in Sanchez-Palencia (1980) or Oleinik et al. (1992).

Indeed, in the case of a laminate composite with axis of symmetry in the direction
normal to the layers, the periodic local functions N, MY ®@ P“ and the material
functions Cyj, €4 €, Will only depend on one variable. For this kind of media we prove
19 = 9. Consequently, the first problem (p = 0) of the recurrent sequence of boundary
value problems (12), (13) is a typical boundary value problem for linear piezoelectricity in
a homogeneous medium and has the form: find w', y*” such that

h (0 ] 0 _ ho(0) ko (0)
Cijmizwn.f)rlj+emtf)'yfm}-i_Xi - Oa eimlwin,h'—gim}”( )= 07 (22)

mi
K K ¥
wile, =0, V%, =0, ainjr =58}, Dinjr, =0 (23)
where

O’:} = Cg’nm”’ﬁl?r{l(x) + ef’mf .f’(:’)(x)’
Df’ = €3m W}%(x) - S?mVI‘gJ(X)

I R ()] oo f0) . (0) ho G0
C[jmn - hijmm emii - tmij - ’mg’/’) Eim = Sim»

and the effective moduli: C},, (elastic), €%, (piezoelectric) and &, (dielectric) are implicitly

given by (19) and (21).

The procedure of constructing the formal asymptotic solution of linear static pie-
zoelectric equations with typical boundary conditions for a heterogeneous and periodic
medium is developed by means of Asymptotic Two-Scale Expansion. The original boundary
value problem with variable coefficients is transformed into a recurrent sequence of bound-
ary value problems with constant coefficients. Actually, this asymptotic analysis leads to
the solution of two recurrent sequence of problems. The first family of these problems
(problem B(p), p = 0, 1, ...) consists of the boundary value problems (12), (13). For solving
the problem B(p) it is necessary to solve the problems B(r), r =0, 1, ..., p—1. The solution
to each of these problems determines the functions w{” and y*'. Then by (11) it is possible
to determine the average functions V, and S. The solution to the original problem (4), (5)
is finally obtained from ¥, and S by (6). The local auxiliary periodic functions N9 M,
@?, P are included in these formulae. Having found them we proceed to solving the
second recurrent sequence of problems which is made up of P{*'9 (eqns (14), (15)) and
Py (egns (16), (17)). For a fixed value of ¢, eqns (14), (16) represent respectively, a
system for finding N+ and M“*", @7*' and PY*"Y, taking into account (7), (8). After
that, by using (15), (17) the effective moduli tensor A, £9, r¢’ and 5 are obtained.

S. LOCAL PROBLEMS FOR A LAMINATED MEDIUM

Let us now confine our study to a laminated piezoelectric composite, i.e., made of cells
which are periodically along the axis x;. Each cell may be made of any finite number of
piezoelectric layers. The axes of symmetry of each layer are parallel to each other and the
x;-axis is perpendicular to layering. For our problem the elasticity modulus tensor C, the
piezoelectric modulus tensor e, and the dielectric modulus tensor ¢ are periodic functions
of the coordinate x; and they do not depend on x, and x,.

We then introduce the fast variable in the following form,

X3

&= (24)

¢

where « is the small parameter, representing the ratio between the characteristic length of
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the periodic cell 1 and the characteristic length of the body L. In the engineering literature
these kinds of layer’s distribution are known as ‘“‘connectivity in series” and the case
corresponding to ¢ = €, = xu/a where f =1 or 2 is called “‘connectivity in parallel”, see
for instance, Newnham et al. (1978).

Using the results obtained in the previous sections we seek the solution of this het-
erogeneous problem in the following form

>

w= Y 2 S NG, (O (0+OE (G RN

g=0 p=0
o q

o= o Z (MU WP () + P (O B (1. (25
g=0 p=0

We require the periodic local auxiliary functions to verify :
(NDY =0, (M@ =0, (D)=0, (P> =0, ¢>0 (26)

where (f) = [, f(£)d¢. Moreover, N'(&), M“(&), @(&) and P9(¢) are 1-periodic in &
satisfying:

M{’)(O) — Aﬂq)(])q Mq)(o) — 5@4)(1), !_)(q)({)) —_ ,}_M)(l)’ Q(‘”(O) _ 9(4)(1) (27)

and

IC13nz3(M11nk Ky ) +e313( mkl K ) + C13mk Amnk RU +ekql3‘(mﬂ\ II
[6’3,713(]\753,),/(,4../(4)' — &3, (MY, &)+ elmqu.{n‘lln; ,I.).kk T 83kq‘mk ]
[[Ci3m3(q)£:lll)cl.“kq)/ +(’313(P2q) k, ) + Ciam (D»(f/\l e _ te npi II

( - 1) —-1)
I[Ci3m3(q)£3}cl .A.kq)/ + eBiJ(Pkcll),,.k‘l)/ + CISmkV(Dngl.. k + €k 113PA| ]]

where ()’ means d(*)/d¢ and [u] = 0 means u(0) = u(1).
In order to obtain the corresponding functions N.,). M\ and h{j),, #7), we have to
solve the system of problems P{-%).

Problems P{"0: find NV, M being 1-periodic such that

(CiJmn + Ci}pR(N;}n)n), +63i3(Mr}/2)/)/ = 09
(€1mn+83p’n(}vnmn) —& ?(Mr:r:) ) - 0 (28)

Cf_[fmn = <Cljmn + Cvijp'&( ’v;lrrzn) + €3 fj(lwrrzrz),>s

E'?mn = <eimn + eip 3 (]V})}'r:n) - 813(an,)/ > . (29)

Analogously ®4.), P." and s\ are obtained from the problems P}}*.

Problems P{}-?: find ®", PV being 1-periodic such that

(ens+ Ci3p3(q)}z!1))/ +-e35(PVYY =0,
(€30 €3,3(DLY +&33(P)) = 0. (30)

= <?,”+£,3(P§,1)) _elp3(®(”) > (3])
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where, C},,, = A, (clastic), e}, = £v) = r\y) (piezoelectric), &, = s' (dielectric) are the
effective moduli.

Having solved the above local problems, taking into account (26), (27), one can
determine the homogenized (effective) moduli. They are given by

ank = <Ci/nk + Ci1p3c—;(;:§}73‘1q3nk + 931’/53731 B-3nl<>s (32)
e?nk = e+ €ip3 Cﬁh/@m:k —&;38; 3] g}nk>v (33)
e = {Ey— i3 _‘[jlin.’:G_kpS +ei3833 Hys (34)

where

Cizsmp = Ci3mp+e3i38;3le3mps

pa = Epg T Cpm3 I;;3li3€qz'35

Ay = —Cpamt+ A+ €3q353_3] (Bs—e3u),

By = e3nk+e3p}cp:3:13(Aank = Corni) — By,

Gipy = — €+ Grps +e3p33;31(83k'— Hyp).

Hy; = €833 (e3m3cr;3lp3(~ekp] + Grps) — &3+ Hyy),

A = {<C_,§;:13>+ <C;3171383q3£;31 EH DT I<C,73}3€3p35§3| >t
X {<C_q—3:n3e3q38;31 >E55 > (63/13Cp_3}13C43nk_€377k)>
+<{CinsCoami? }

By = {<§3.31>+<C;)3113e3[r3€;3]><C(/A31n3>71<C—,1173£r23€3q38;31>}“ :
X ‘{<§;31(_€3P3C;73;3Cq3nk +esu)D
+<C‘0W}:[363p3g‘3_31><c_q}}n3>u]<C_r;31n3C_q3nk>}a

Gz = {<C-i;r£13>+ <C-q_31n3€3q383_3l >’<§3A3l>“<c,73}3€3p35§31>}7l
X {<C.¢73:n3(ekq3 —€3438 3 E3)D
+ <C¢;?}n333q35;31><5§31 > I<'§;3153k>}:

Hy = {<§§31> + <C,;3:,3€3p35§3| ><C_;31ns>71<a;31113€3q35373l >}7|

X {<5§3153k>+ <C};3113€3p35:;31 ><€t;31113>7l

X <C_[;§ln'§( —€p3 +e3p38;3l£3k)>}'

s "} h 3 /i I A v
One can prove that Cjy, = Cyyy = Ciy = Ci, €5 = €, &5 = &1

6. EXAMPLES AND RESULTS

6.1. Connectivity in series

1. Let us suppose the periodic cell is composed of piezoelectric material layers with
cubic symmetry (43m), see for instance Berlincourt (1964). These materials are characterized
by the following independent constants: three elastic constants (C);;; = Cimy = Cizase
Caizs = Ciai3 = Ciapz, Ciz = Ciiz; = Caay), One piezoelectric constant (€3 = €213 = €312)
and one dielectric constant (g, = &y, = &;3). According to eqns (32)—(34), the following
formulae for overall effective properties of this kind of composite can be obtained.
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Elastic effective constants

T = Chaza = {Cr111 ) —{CTCHa) +{CT ) T {(C i P,
Cliaz = {Cr122) —{Cli22Crih> + Y D T CH:C D2,
Claa = {Cra) +<e5en > —en'es )™ en' >,
Chyss = (Crihiy
Tas = Chsas = (Cihs) Y,
Cianr = Cisn = O D7 (O Criag). (35)

Piezoelectric effective constants

9,:23 = 9213 = <Cf3113>_]<elzscfsll3>,
&2 = &5y )y ere5s ). (35)

Dielectric effective constants

el = &3 = (6110 +<e123C315) = (Cishd e Crsis)s
&5 = <exi >\ (37)
As we can note, there exist six independent elastic effective constants
(Chin = Ch222. Chia2, Claia, Chazss Chans = Claya, Chany = Chaga) given by (35), two pie-
zoelectric effective constants (¢f,; = €45, ¢%,), given by (36), and two dielectric effective
constants (¢}, = €4,,£4;) given by (37). It can be seen that, if we have a periodic cell
composed of piezoelectric material’s layers with cubic symmetry (43m), the corresponding
homogenized material behaves as a piezoelectric material with tetragonal symmetry (42m).
2. Let us consider a piezoelectric laminate in which the periodic cell is composed of
piezoelectric layers with hexagonal symmetry (6 mm), see for instance Berlincourt (1964).
These materials are characterized by the following independent constants: five elastic
constants (Cint = Caazas Crizas Ciizs = Cazass Cazsgs Caszy = Cliaps, Cran = (Crii — Ciizn)/2),
three piezoelectric constants (e;;; = €32, €333, €113 = €13), and two dielectric constants

(&1 = €22, €33).
Using the expressions (32)-(34) the effective coeflicients for this material are:

Elastic effective constants

Chii = Chaas = {C11110+{C3153(Crisatesiesy eass) (4133 — Criaa)d
+<833(Cr13:C53h5e333— €371 )(Bay —~e311)),

Chizz = (Ciia) +<Cihs(Criss+esrign'esss) (A3 — Crisa))
+<835(Ci15:C55h5e333— €31 (B —e301)),

Cliss = {Ci1330 +<{C55:(Chiss tesieii esss)(Aaza— Casas))
+ <853 (C1133C55h5€333 — €311)(Bass —€333)),

Chasy = Asaas,

Cliiz = Ch505 = {Ci3h3d 7,

C}fzu = (Cllllll_cllllzz)/z (38)
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Piezoelectric effective constants

€y = €3 = (O ey 130543,

ey = &2y = By,

€533 = By (39)
Dielectric effective constants

el = €5y = <811>+<€lIECI_3113(GIIS"€113)>’

823 = H33. (40)
As we can see, there exist five independent elastic effective constants (C%,;, =
Ch222: Cli22, Clizs = Cha3a, Chang, Chans = Chais. Chypp = (Chi11—C1122)/2) given by (38),
three piezoelectric effective constants (e, = e%,,, %5, ¢" 15 = €%,5) given by (39), and two
dielectric effective constants (¢}, = &,, €3) given by (40). Therefore, we conclude that the

symmetry of piezocomposite laminated materials with periodic cells in series connection is
preserved in the homogenized piezoelectric medium.

6.2. Connectivity in parallel

1. In this example we assume that the laminated medium possesses the same periodic
properties with hexagonal symmetry (6 mm) as in the previous example, but the cells
distribution is periodic along the axis x,. The axes of symmetry of each layer are parallel
to each other and the x,-axis is perpendicular to Jayering. Then by using the formulae (32)-
(34) (interchanging in these expressions the indices 3 and 2) we obtain the following effective
coefficients :

Elastic effective constants

Chinn = (Cii1) =< CT122C30520 +{C1 1220502203 Canbad 7
Cliza = <C1122C2_2122><Ci—2122>_],
Cliss = (Ci133) =<C1122C55:Cany3)
+{(C112:C2252)<Ca52) " {C55:Cans3),s
2222 = <C2_2|22>_1,
Chass = {Cr2) 7 '(C1233C1222,
Ci333 = (Ci333> = {C3233C13220 +{C1233C222 ) Ciaa) s
Chyzs = (Chs) T+ e ehas) — (enr'eaas) (e ) 1,
C7313 = {Ci313),
Clay = {CR> 7" (41)
Piezoelectric effective constants
ey = <es),
e = (e311) +<€32:C555:0(Cah2) 1 {C05:Ca211) —<€322C5252Caa11),
¢33 = €313 +{€322C52220(Ca222) 7 {C25:C233> —£€320C1252Ca233),
2z = €520 ) Caha> ',
ey = {eanseny )&y (42)
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Dielectric effective constants

Sllll = {&11),
81'_;2 = <‘52_2|>_]a
8@3 = <333>+<e§23C5:1122>‘<9322Ci72122>2<cz‘2l22>Al- (43)

As we can observe, there exist nine independent elastic effective constants given by (41),
five piezoelectric effective constants (42), and three dielectric effective constants (43). There-
fore we conclude (taking into account the general classification for homogeneous pie-
zoelectric materials; see, for instance, in Dieulesaint and Royer (1974) or Berlincourt
(1964)) that if we have periodic cells composed of piezoelectric materials’ layers with
hexagonal symmetry (6 mm), connected in parallel, the corresponding homogenized
material will like a piezoelectric material with orthorhombic symmetry (2 mm). After
considerable manipulations it is verified that the effective constants in (41)(43), for the
particular case of a binary medium, are exactly the same as Benveniste and Dvorak (1992).

7. APPLICATIONS. IMPROVEMENT OF PHYSICAL CHARACTERISTICS

In order to show an application of these piezocomposite materials we will consider the
case of parallel connection where each periodic cell consists only of two different homo-
geneous phases. The ceramic phase is a piezoelectric with hexagonal symmetry and the
polymer phase is an isotropic homogeneous medium which is piezoelectrically inactive. The
elastic and dielectric constants of the ceramic phase will be distinguished from those of the
polymer phase by the superscripts £ and S, respectively. Moreover, by utilizing the following
mapping of adjacent indices:

(IH)-1, (22)-2, (33)-3,
23)=(32)-4, BH)=(13)-5 (12)=21)—6,
we express the elastic and piezoelectric coefficients briefly as: C,5 = Cyp. ey = ey, Where

(i) » « and (kl) - f. Taking into account the above notations we have the following
expressions for the effective coefficients.

Elastic effective constants

Ch = X(CH—(CRACT) D+ (L= xUC1 = Cix(Ci) )
+ECRACT) ™+ (L =0C(Cr) 71
x (UCT) T HI=0(C) ),

Cly = (XCRACT) ™"+ (1= 0C1(C1)™H
x(UCT) T H I +(C)™H

Chs3 = 1 CH(1=CICT) N+ =0 Crao(1 = C1o(C11) ™)
+(XCACT) ™ (1 =0 Cia(Cr1) )
x (UCT) T+ —(C) ™D
x (CHICTH) ™ +(1=0)C1(Ci) ™),

Chy = (CE) '+ =0(C1)™H 7,

Chs = (UCHCT) '+ =0 C(Ci) ™)
x ((CT) T 1 =0(C)~H 7
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C3y = XCH = (CTHCH) ™D+ (1 —0)(Ch —(C)HC )Y
+UCHCT) ™ +(1=0Co(Cr) ™'Y
x (UCT) ™ H(I=(C )™)Y
e = (UCE) T (1 =0Caa) ™) 7+ 21(E3) " (ens)?
—x(€22) 7 e1s)2 (3 H (1= )exn) ™,
Chs = 1 Chat+(1=0)Cas,
Cos = (U(Cée) '+ (1 —x)(Ce)™H " (44)

Piezoelectric effective constants

éis = yers,
ey = (1(e32) ™ (1 —(e22) ™) ((e3) ),
@ = (X(CH) T H (1= xNC22) )T (U(CE) ),
€y = xles1—e3(C) 7 Ch) + (U(CE) ™ + (1 —)(Cyp) ) !
X (U(CE) ™ CH+(1=x)(Ca2) ™' Co)(X(CF2) " esa),
€53 = x(es3—e32(C5) ' CE) + (X(C5) ™+ (1= )(Ca) ™) !
X (U(CE) ' Ch + (1= )(Ca2) ™' Cas)(((CEr) ~ "esn). (45)

Dielectric effective constants

el = xeti +(1— e,
g5y = (1(e3) ™'+ (1= x)(e22) ",
g5 = x(e3: +(€32)*(CH) ™)+ (1 —1)ess
—(U(CE) e’ (U(C3) T (1= 0)(C2) )7, (46)

where y is the ceramic’s volume fraction. Moreover, the components of averaged tensors
of piezomoduli d,,, elastic compliances S; and permittivity &., of such piezocomposite
material can be calculated by using the following formulae (see, for instance, Berlincourt
(1964))

A -
=(—1)’+JKJ, Gpi = 8,,Sh, S =l tinm 5j=12,...,6

where, A is the determinant of the C,; matrix and A, is the minor obtained by excluding the
ith row and jth column.

An application of piezoelectric composites is in passive detectors subjected to hydro-
static conditions (such as hydrophones, see, for instance, Haun and Newnham (1986),
Gururaja et al. (1987) and Smith (1993)). Based on the idea of decoupling the piezoelectric
dy; and d;, coefficients and lowering the permittivity &1,, these composites have produced
some remarkable improvements in the hydrostatic d, (=ds;+2ds,) and g, (=d,/eoEss)
coefficients, where g, denotes the permittivity of free space. The principle of designing a
composite material for hydrophone application is to maintain ds; as large as possible and
to reduce d;; and the dielectric constant £1;, resulting in an enhanced value of d,g,.
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Table 1. Electroelastic material properties

Parameters (o7 C Ci Cs Cy €33 €33 €s €1/ €33/€9
Dimensions GPa GPa GPa GPa GPa C/m* C/m? C/m? — —
PZT-5A 121 75.4 75.2 111 21.1 —54 15.8 12.3 916 830
Alraldite 5.46 2.94 2.94 5.46 1.26 0 0 0 7.0 7.0

& = 8.85E—12 (C*/Nm?) = permittivity of free space.
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Fig. 1. Theoretical piezoelectric coefficients of a bilaminated composite plotted vs the volume
fraction of PZT.

To illustrate how the composite material parameters vary with volume fraction of
piezoelectric ceramic, the material parameters of piezoelectric ceramic PZT-5A and Aral-
dite, listed in Table 1, are used in the calculus. According to the calculations for a bilayered
in parallel connection shown in Fig, 1, the optimum percentage of PZT to maximise the
value of d,3,((d,g,)") should be about three percent of PZT. It is noted that the results for
dy, agree with the parallel model solutions of Newnham et al. (1978) and Grekov ef al.
(1987).

Another important application of piezoelectric ceramic/polymer composites is in trans-
ducer for biomedical imaging applications (Chan and Unsworth (1989), Smith and Auld
(1991), Taunaumang et al. (1994), etc.). The spatial fine-scale of these composites allow
higher operating frequencies (Janas and Safari (1995)). The use of expressions (44)—(46) to
design better piezoelectric composite transducers for medical imaging applications is shown
in Ramos et al. (1996).

In this paper, the technique of asymptotic homogenization is applied to the problem
of a laminated piezocomposite medium with a periodic structure. The local problems
are considered and the effective elastic, piezoelectric and dielectric moduli are explicitly
determined. The explicit solutions resulting from this work can be effectively used to obtain
the global properties of laminated piezocomposite materials for both models of Newnham’s
connectivity theory and any finite number of phases.
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